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Abstract

Methods are derived for measuring local strain, stress, and crystallogr aphic texture (orientation) in
polycrystalline samples when 1-10 grains are simultaneoudly illuminated by an energy scanable or
broad-bandpass x-ray beam. The orientation and unit cell shapefor each illuminated grain can be
determined from the diffracted directions of four Bragg reflections. The unit cell volumeis
determined by measuring the ener gy (wavelength) of onereflection. The methods derived include an
algorithm for simultaneously indexing the reflections from overlapping crystal L aue patternsand for
determining the average strain and stresstensor of each grain. Thisapproach allows measurements
of thelocal strain and stresstensorswhich areimpractical with traditional techniques.

Introduction

The development of ultra-brilliant 3%-
generation synchrotron x-ray sources™
together with recent advancesin x-ray
optics** has created intense x-ray
microbeams which can be used to study
materials properties with submicron spatial
resolution. X-ray microdiffractionisa
particularly promising tool for the study of
strain and texture distributions. However,
traditional measurement techniques are
unsuitable for x-ray microdiffraction; too
few grains are illuminated for powder
diffraction and monochromatic single-
crystal techniques cannot be used because
the sample volume changes when the sample
isrotated (Fig. 1).

White-beam Laue diffraction is a standard
crystallographic method used to determine
crystal orientation without rotation of the
sample.>® However, Laue diffraction is
rarely used to measure strain because the
precision of most Laue instrumentsis low
compared to modern diffractometers, and
because the unit cell volume cannot be
determined with a standard Laue
measurement. Nevertheless, with suitable
instrumentation, the Laue method can be
used to precisely determine the orientation
(local texture) of individual grains and their

distortion strain. Laue diffraction can aso
be extended by measuring the energy of one
or more reflections to determine the full
strain tensor in polycrystalline samples.

In order to measure strain distributions, a
large number of measurements must be
collected. This process requires automated
methods such as the ones outlines below.

Of course these methods can also be applied
to studies with larger beams using standard
X-ray Sources.

The actual process of measuring strain in
polycrystalline samples with microprobe
beamsisoutlinesin Fig. 2 below. A broad-
bandpass microbeam intercepts a sample
and illuminates a small nhumber of crystal
grains. The overlapping Laue patterns from
the grains are recorded on an area detector
and fit to find the center of each reflection.
The pattern is then indexed to determine the
indices of each reflection and the number of
reflecting grains. Finaly, the texture
(orientation) and relative or absolute strain
tensors are determined for the illuminated
grains.
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Fig. 1 A small penetrating x-ray beam intercepts
various grains in a polycrystalline sample which
change as the sample isrotated. Different grains
are illuminated because (a) the penetrating beam
has a high depth to transverse cross-section ratio,
which in polycrystalline samples makes it
impossible to ensure that the same grains are
illuminated as the sample is rotated, and (b)
because the sphere of confusion for state-of-the-
art diffractometers is greater than 1um?®,
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Fig. 2 Flow chart for calculating the straininaa
polycrystalline sample using an x-ray
microbeam.

The organization of this paper traces
backward through the flow chart of Fig. 2.
We first demonstrate how the strain tensor is
determined by the unit cell, then show how
the unit cell parameters are determined, and
finally show how the reflections are
automatically indexed.

The key step in this processisindexing the
Laue spots. The indexing approach outlined
in this paper is quite distinct from methods
which have been described previously”®?,
and has the advantages that it requires only a
few reflections (>4 per grain), and can
process overlapping Laue patterns generated
by multiple grains.

Strain from unit cell parameters
Single crystal diffraction directly measures
the average local strain tensor of the crystal
through the orientation of the unit cell and
the distortion of the lattice parameters from
their (unstrained) values. Consider for
example a unit cell with lattice parameters g
and a; and a Cartesian coordinate system u;
which is attached to the crystal. We adopt a
notation where the vector a, is coincident
with the u, axis, a, isin the u,u, plane, and
U, is perpendicular to the u,u, plane (see
Fig. 3). Similar notations have been adopted
by previous authors.®**2

A position in the crystal can be specified
either by a vector in the Cartesian
coordinates v, or by a vector with unit cell
coordinatesv. The transformation from unit
cell coordinatesto Cartesian coordinatesis
given by

v,=Av
where
[y aycosog agcoso, [
A=H0 apsinag -agsina,cospir.
0o 0 Vb C
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Here the ;s and b;s are the reciprocal lattice
parameters for the unit cell.

A vector position attached to a crystal can
move dueto rigid body tranglation of the
crystal, dueto rigid body rotation of the
crystal, or due to distortion of the crystal
lattice (strain).*® The average strain of a
measured unit cell can be determined by
comparing the measured unit cell parameters
to the unit cell parameters of undistorted
material. Let Ay be the matrix which
converts ameasured vector v into the
measured crystal Cartesian coordinates. Let
A, be the matrix for an unstrained unit cell
which converts v into the Cartesian
reference frame of the measured (strained)
crystal. To ensurethat thereis no rigid body
tranglation between the measured unit cell
and the unstrained unit cell, the origin of the
unit cell vectors are made coincident. For
convenience, we assume a, of the unstrained
unit cell lies along the u; axis and a, of the
unstrained unit cell to liein the u,u, plane.
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Fig. 3 Cartesian coordinates attached to the real -
space unit cell. Note that u,=a,/|a,|;
u;=a,xa,/[ay||la;|sina; and u,=azxa,.

A position vector v in the unit cell
coordinatesis found in the measured-crystal
Cartesian coordinate reference frame at

position Ayv for the unstrained case and at
position AV for the strained case. With
this definition, for the matrices Ao and A,
thereis atransformation matrix T which
maps from unstrained to strained vectors.

Anvess—TAg (2

The transformation matrix can include both
distortion and rotation terms and for
unstrained crystals T=I. From the definition
of the strain tensor, €;, the strain tensor in
the measured-crystal Cartesian-coordinate
reference frameis given by,

& = (Ty+Tp)i2-1y. ©)

The strain tensor in the crystal reference
frame can be converted to alaboratory
reference frame or to a sample reference
frame by using a rotation matrix R.

€;°™=RE;R? 4

The strain tensor of Eq. 3 contains both a
hydrostatic strain (dilatation) and a
distortion strain term. With the hydrostatic
strain, A/3 defined as the mean strain
component along each Cartesian axis, EQ. 3
can be written in terms of the two
components,
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Here the first term is the distortion term and
the second term is the dilatation term. With
microdiffraction measurements, it is
important to retain the full (9 parameter)
information contained in the crystal strain
tensor and local grain orientation; the stress
tensor can be determined from the strain
tensor and the anisotropic single crystal
elastic constants (stiffness modulii).*®

gjj = %Cijklekl ©®)

Orientation and unit cell constants
from monochromatic reflections

With monochromatic diffraction, it iswell
known, that two non-colinear reflections are
required to determine the orientation of a
crystal.’® Threeindependent reflections
determine the orientation and unit cell
parameters of an unknown (i.e. strained)
crystal.*®

With awide-bandpass (or tunable) beam, the
Bragg condition can be met for more than
one reflection, without rotating the sample.
However, the energy of each reflection must
be measured to determine the diffraction
vector. For example, if the energy of the
incident beam is scanned while an area
detector is monitored for Bragg reflections,
the angles and energies of n reflections can
be collected. The problem of determining
the unit cell parameters and crystal
orientation with this method is virtually
identical to monochromatic beam
measurements and again two independent
reflections determine the orientation of a
known unit cell while three independent
reflections determine the orientation and
unit cell parameters of an unknown unit cell.

Although measurements with a scanable
beam have very definite advantages (low
thermal load, reduced number of reflections
needed, etc.), the method is inherently slow
compared to measurements with broad-
bandpass or white beams which
simultaneously meet the Bragg condition for
several reflections (Fig. 4).

Fig. 4 Broad-bandpass radiation can
simultaneously excite several reflections.

Determination of crystal orientation
from two white-beam reflections

With white-beam L aue diffraction, the
volume of aunit cell (dilatation) cannot be
unambiguously determined. For example,
as shown in Fig 5, two unit cells with the
same relative shape and orientation create
identical Laue patterns although they have
very different volumes. The energies of the
reflections are, however, sensitive to the d
spacing and hence to the volume of the unit
cell. We show later that the volume of the
unit cell can be determined by measuring the
energy of one of four independent
reflections or by measuring the energies of
three independent reflections.



Fig. 5 For two unit cells with the same relative
shapes and orientations, the Laue patterns will
look the same. However, the energies of the
reflections depend on the d spacing and hence
the volume of the unit cell.

As described by Busing and Levy™, it is
convenient to work in reciprocal lattice
spaceto calculate crystal plane normals. We
adopt an approach similar to that of Busing
and Levy™ with a second Cartesian
coordinate system attached to the crystal.
The x axisis paralel to the crystal reciprocal
axisb,, they axisisin the plane of b, and

b,, and the z axis is perpendicular to the b,b,
plane. With this definition, avector v can

be transformed from reciprocal-lattice
coordinates to the xyz reciprocal-lattice
Cartesian-coordinates with the
transformation,

V=Bvg (7)
where,

(b; bycosPs bscosPB, C

B=H0 bysinB; -bgsinBycosasF

0o 0 1 az C

)

Hereagain, theg’sand a;'sthe b’sand s
are the real-space and reciprocal lattice
parameters respectively. Vectorsin the
reciprocal-lattice Cartesian coordinate
system can be further transformed into a
|aboratory Cartesian coordinate system if the
orientation of the crystal is specified through
an orientation matrix U such that

Via=UV, )

Incident Beam
direction

Fig. 6 The reciprocal-lattice crystal-coordinate
system xyz is coincident with the laboratory ijk
reference frame when U=I. Note that incident
beam has a—j direction.

With this definition, the normal of a
reflection h,k,| in the laboratory Cartesian
co-ordinate system is given by,
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Experimental measurements consist of beam
intercepts on a detector referenced to the
|aboratory reference framer,,. If the energy
of the x-ray beam is unknown, then the
direction of the reflection (normal of the
Bragg planes) is determined but the
magnitude of the momentum transfer h is
not determined. The normal to the Bragg
planeisgiven by,

Fr + i
My = oL (12)
I + ]l

Assume that there are two observed
reflections with known indices, denoted as
the primary and secondary orienting
reflections. From the experimental
observations, we know the plane normals for
the two reflections in the laboratory
reference frame ny 4, Ny, Since theindices
and unit-cell parameters, B, are known, we
can calculate the Bragg plane normalsin the
|aboratory reference frame if the orientation
matrix U is known:

Cho

an = UBH(H (12)
og

Theidea orientation matrix U satisfies

Eq. 12 for both the primary and secondary
orienting reflections. However, as described

by Busing and Levy™, due to experimental
errorsor lattice strain, it is not in general
possible to find an orthogonal matrix U that
simultaneously satisfies both conditions.
Indeed there are four independent equations
which must be satisfied by only three
rotations parameters. The standard practice
is, therefore, to insist that the primary
reflection satisfies Eq. 12 and to further
constrain U so the secondary reflection
calculated from Eq. 10 liesin the plane
which contains the experimental normals.®®

Orientation and distortion strain from
four white-beam reflections

When the unit-cell parameters are unknown
(i.e, strained crystal), it is still possible to
determine the orientation and distortion
strain of the unit cell if four independent
broad-bandpass reflections are observed.
Here we seek to find matrices U and B that
simultaneously satisfy four observed normal
directions. Each normal has two direction
angles, so with four independent normals,
there are atotal of eight independent
eguations to solve for the 9 unknowns

(3 crystal rotations, 6 unit cell parameters).
However, since the dilitation term cannot be
determined without an energy measurement
(Fig. 5), werestrict ourselves to the
determination of the orientation and
distortion strain.

From Eq. 5, the diagonal elements of the
distortion strain tensor must sum to zero,
hence the distortion-strain tensor can be
written with 5 unknowns, where the

Eii*zeii-A/B.

s E%n 8}2 g13 L

&) =12 &2 E3 E (13)
[(F13 €23 ~—€11~€22[

If dilitation isignored, there are, therefore, a

total of 8 unknowns about the crystal
orientation and the unit cell parameters.



Suppose the normal directions n; of four
reflections h; are measured. In order to
determine distortion and orientation, each of
the four subsets of three reflections must be
linearly independent. The momentum
transfer vectors are then related to the
normals and to each other through scale
factors s which we define as,

h=sis:n,

h=s,5:N,

hs=s;n,

h,=c;h;+ch+csh; (14)

Here, the ¢, are determined by the reflection
indices, and s; is an overall unit cell scale
factor which cannot be determined without
energy measurements. Tofind s, and s,, we
use,

j*ng _ (Csing +Cospnp +Cgng)e |
keng (cising+cosong +cgng)e k
and

ieny _ (GiSing +Copnp+Cang)ei
keng (cising+ SN, +c3ng) e k

(15)

The two equations above are used to solve
for the two unknown ratios s,=|h,|/|h;| and

s=hal/hyl.

Once s, and s, are known, the direction
normals and relative magnitudes of any
reciprocal-lattice reflections can be
determined in the laboratory reference frame
(eg. [bo/bg|, [D2/B4], N1o0, Nozos Nor)- From the
definitions which led to equation 8, and
assuming that the product b,,b,,b5; is known
from the unstrained unit cell (no dilatation),
the reciprocal-lattice Cartesian coordinates
can then be specified and, therefore, the
matrices B and U.

Full strain tensor
Once the unit cell shape and orientation
have been determined, the volume can be

unambiguously determined by measurement
of the energy of asingle reflection. This
gives the lattice spacing of the reflection
and, therefore, the magnitude of the
reciprocal-lattice point represented by the
reflection.

In order to increase the speed and accuracy
of the energy measurement, it isimportant to
minimize the scan range of the
monochromator. For asimple FCC metal,
and for reasonable detector solid angles of
~0.25, there should be ~1 reflection over a
AE of £ 100 eV at 20 keV. It should,
therefore, be possible to predict the energy
of areflection for asimple FCC meta
within ~100 eV of anominal
monochromator setting. Experience has
shown that monochromator motions on this
scale can be reproducibly made within
~0.1-0.25 eV. A specially monochromator
designed and constructed for such
measurements will be described in alater
publication.

Automatic indexing

Asillustrated above, key to measurements
with broad-bandpass beams is the ability to
index the observed reflections. This
important step has been addressed in
previous publications”®®, but existing
methods are often difficult or impossible to
use with microdiffraction data on
polycrystalline materials; existing methods
require many reflections from each grain
and are greatly complicated by overlapping
patterns. The method described below
works well with simple cubic metals where
only afew (4-20) reflections are collected
for each grain.

The algorithm ORDEX is outlined in the
flow chart of Fig. 7. A well calibrated area
detector is used to collect overlapping Laue
patterns from a polycrystalline sasmple. The
Bragg plane normals and 26 angles for each
reflection are noted and possible indices of
each reflection are calcul ated based on 20
and the energy bandpass. The angles
between the Bragg plane normals of possible



pairs of indices are then compared to find
pairs within the estimated measurement and
strain uncertainty of the sample. Angles
between three and higher numbers of
reflections are then compared to identify all
reflections from asingle grain.

A typical experimental setup to take wide
bandpass Laue imagesis shown in Figure 8.
Because synchrotron radiation is polarized
in the plane of the storage ring, a CCD
above the sample is more efficient than one
in thering plane. The sample can be
scanned along 3 orthogonal axes and the
CCD can be moved up and down. The
vertical detector motion is used to change
the angular resolution/solid angle subtended
by the detector and to help determine the
distance from the detector to the sample.



Start

'

Identl_fy _posmble “ Increment grain #
indices

Y

Compare Bragg Normals
for pairs of indices

!

Do the normals
fall within
expectations?

Save reflection Reinstall
for later analysis reflections

No

Store in nth grain
list of indices

7

Yes

Finish with
list of reflections?

Unidentified
reflections?

Stop

Fig. 7 ORDEX flow chart. The possibleindices for each reflection are determined from the known
bandpass of the radiation, the known unit cell of an unstrained grain, and the 26 angle of the reflection. The
measured angles between reflections are then compared to the theoretical angles for an unstrained grain
with all the possible indices. If the angles lie within the expected experimental and strain uncertainty, then
the indices are tentatively assigned to the same grain. If no indices can be found which fall within the
expected angular uncertainty, then at least one reflection is stored for later evaluation with anew grain. The
flow chart does not show the steps required for calibrating the detector system.



Accurate angle measurements are required for
indexing. In general, there are six parameters
that describe the position and orientation of the
CCD camerarelative to the sample-beam
intercept. A good estimate of the distance
between the sample and the detector can be made
by translating the detector and triangulating the
relative position of the beam-sample intercept.
The measured sample-detector geometry can be
further refined by fitting the relative position and
angles (pitch, yaw, roll) of the detector to Laue
patterns from known single crystals with
negligible strain. Additional distortionsin the
detector introduced by coupling to fiber optics or
by deposition of the phosphor screen must also
be corrected to obtain high-accuracy angle
measurements.

Once the angles of observed reflections are
determined, the direction vectors of the
reflection normal s can be determined

(Eg. 11). For agiven bandpass and a known
crystal structure, there are only alimited
number of possible pairs of indicesh,k,I’s.
The upper bound of h,k, and | is set by the
energy bandpass. Also for larger indices,
reflections are weaker because atomic
scattering factors diminish for large
momentum transfer. For indexing purposes,
typically indices above 20 can be ignored.

The symmetry of the crystal structure further
eliminates certain combinations of indices
by selection rules. For any position on the
detector, there are only alimited number of
possible indices due to the 2-theta angle and
the bandpass of the incident x-ray beam.
With areasonable selection of bandpass, a
manageable number of possible indices can
be obtained. For example, with a 10%
bandpass at 20 keV, the number of possible
indices for each observed reflection is ~200-
500 for aSi crystal. Thelist of possible
indices increases linearly with bandpass
which slows the algorithm for very large
bandpasses. In ORDEX, alist of possible
indicesis made for each reflection. The
program then compares the measured angles
between pairs of reflections to the
theoretical angles for an unstrained crystal.
It discards pairsif their relative angles do
not fall within a selectable angular range of

the theoretical prediction. All possible
combinations of indices are checked, until
only pairsthat are consistent with the known
crystal structure are determined. When the
relative angles between more than three
reflections are checked, the number of
possible indices converges quickly.

CCD

Fig. 8 X-ray microdiffraction geometry showing
the area detector positioning for scattering in the
vertical plane. This geometry is most efficient
for diffraction because the polarization of the
incident beam isin the horizontal plane. The
detector can be moved (dotted line) to help
determine the origin of the diffracted ray.

With more than three non-coplanar
reflections, unique pairs can be found by this
agorithm. A typical Laue image of Si with
an 18-20 keV bandpass and more than 10
reflections takes only afew seconds to index
on a Pentium Pro 200 MHz PC. For
polycrystalline samples, some reflections
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may not have any indices which satisfies the
angle requirements because they are from
different grains. These reflections are set
aside and the program continues to index as
many points as possible. Later the algorithm
is re-applied to the unindexed reflections to
index and identify separate grains. In this
way severa grains can be indexed from a
single Laueimage. Even grains of two
different crystal structures can beidentified.
For example, a Laueimage from
heterostructural thin films can be analyzed
to index the reflections from each layer.
Once the indices of each layer are
determined, the orientation and strain
tensors can be found as described
previously.

Example

The methods described above are briefly
illustrated with asimple example. Two Ge
patterns were collected from a monolithic
Ge crystal with negligible strain. These
patterns were superimposed as shown in Fig.
9 and then the superimposed pattern was
automatically indexed to identify the indices
of each reflection and to identify which
“grain” they belonged to.

Fig. 9 Superimposed images from a Ge single
crystal with two independent orientations.

The distortional strain tensor was next
calculated from the minimum set of four
normal vectors. In this case the vectors used

were the 8 6-6, the 6 6-4, the 35 —7, and the
33-3. Thedistortional strain tensor
recovered with this method is,

H0.0024 0.0000  0.0017
e} =H0.0000 0.0027 -0.0011F.
[0.0017 -0.0011 -0.0003C

In this example, the calculated strain tensor
indicates the uncertainty of the experimental
method. Strain resolution in the plane of the
sample is compromised by the limited
angular range of the detector and by the
limited experimental accuracy of the present
CCD system. Much lower distortional stain
uncertainties are obtained by fitting to more
than four reflections. For example, with the
present example, a calculated strain tensor
from a non-linear |least squaresfit to

8 reflections has almost an order of
magnitude lower experimental uncertainty;

[-0.0002 -0.0002  0.0000 [
e} = 0.0002 -0.0003 -0.00022.
00.0000 -0.0002 0.0005C

Although the Ge example may appear to be
aparticularly simple case, large monolithic
single crystals can in fact be a challenge.
The intense reflections can cause overflow
artifactsin the CCD image and the small
divergence of the dynamically diffracted
beam means that each reflection illuminates
only afew pixels of the CCD. This makesiit
difficult to accurately locate the center of the
reflection. With broader bandpass, more
reflections can be collected to further reduce
the experimental uncertainty. For example,
in cases with 40-60 reflections, uncertainty
in the distortional strain tensors of <1 partin
10* will be reported in alater paper.

Conclusion

X-ray microbeam allows precision
measurements of local strain, stress, and
orientation in polycrystalline materials.
Overlapping Laue patterns from multiple

11



grains can be indexed by an iterative process
which compares possible indices for severa
reflections with the observed angles between
the reflections. Once the reflections are
indexed, the unit cell orientation and unit
cell shape can be determined. The volume
of the unit cell can be determined with a
single energy measurement. The average
local strain tensor can be determined from
the unit cell parameters.
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